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Abstract 

We derive the general formulae for the the scalar and tensor spectral tilts to the second order 
for the inflationary models with non-minimally derivative coupling without taking the high friction 
limit. The non-minimally kinetic coupling to Einstein tensor brings the energy scale in the infla¬ 
tionary models down to be sub-Planckian. In the high friction limit, the Lyth bound is modified 
with an extra suppression factor, so that the field excursion of the inflaton is sub-Planckian. The 
inflationary models with non-minimally derivative coupling are more consistent with observations 
in the high friction limit. In particular, with the help of the non-minimally derivative coupling, 
the quartic power law potential is consistent with the observational constraint at 95% CL. 
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I. INTRODUCTION 


Inflation successfully solves various problems in the standard big bang cosmology such 
as the flatness, horizon and monopole problems, etc, and the quantum fluctuation of the 
inflaton seeds the formation of large-scale structure . A scalar field with a flat potential 
is usually used to model inflation. The potential of the scalar held is characterized by the 
slow-roll parameters, the spectral tilts and the tensor to scalar ratio are approximated by the 
slow-roll parameters at the horizon exit. The Planck temperature and polarization data on 
the measurements of the cosmic microwave background anisotropies gives Ug = 0.968 ±0.006 


Q 


and the 


and ro.oo 2 <0.11 (95% CL) { 5 , 6 ]. The results are consistent with the inhation 
non-minimally coupled models at strong coupling limit jz-S], because both models predict 
that = 1 — 2/N and r = 12/A^^, where N is the number of e-folds before the end of 
inhation, but the minimally coupled power law potentials with n > 2 are disfavored. With 
the presence of the non-minimal coupling the potential with A ~ 0(1) can be 

consistent with the observations 10|. Furthermore, the coupling constant ^ can even be as 
small as 0.003 [u, 12|. If the kinetic term of the scalar held is non-minimally coupled to 
Einstein tensor, then the ehective self-coupling A of the Higgs boson can be lowered to be 


the order of 1, and the new Higgs inhation introduces no new degree of freedom 


13 


IM. 


The non-minimal coupling can be gen eralized to be f{4>)R which is a special case of the 
general scalar-tensor theory F{(f)^R) [12l. Il5l. Il6| . because the non-minimal coupling term 
can be transformed away by a conformal transformation. If the kinetic term of the scalar 
held is non-minimally coupled to curvature tensors, then conformal transformation cannot 

ore general non-minimally derivative 


transform the model to scalar-tensor theory 
couplings for the scalar held are discussed in 
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. The non-minimally derivative cou¬ 


pling usually introduces higher than second order derivatives in the held equation and more 
degrees of freedom, which lead to the Boulware-Deser ghost 2l|. However, Horndeski de¬ 
rived a general scalar-tensor theory with held equations which are at most of second order 
in the derivatives of both the metric and the scalar held 0 in four dimensions [^. In 
Horndeski theory, the second derivative cb-nw couples to Einstein tensor by the general form 
where X = 18|. If we take f{(j),X) = (/>, then we get the coupling 

after integration by parts. The general derivative coupling which is quadratic in 
0 and linear in R, has the forms (j)^fj_(j)’^R, (f)(jxp.^yR^’^, and (j)‘^DR. 
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Due to the divergencies and only the couplings 

and (j)D(j)R are independent. If we choose the non-minimally derivative coupling 
as then the held equations contain no more than second derivatives 2^ and the 

gravitationally enhanced friction causes the scalar held to evolve more slowly. For a mass¬ 
less scalar held without the canonical kinetic term the non-minimally derivative 


coupled scalar held behaves as a dark matter 


23|, [2^. The cosmological perturbations and 


the hrst order approximation of the power spectrum for inhationary models with this non- 
minimally derivative coupling in the high friction limit were discussed in 


25 


28| . As we 


show above, the Planck data gives Ug = 0.968 ±0.006, so the hrst order slow-roll parameters 
are in the order of 0.01 and the hrst order approximation is enough. Future experiments will 
measure rig more accurately, so it is necessary to consider the second order corrections. In 
this paper, we will derive the hrst order correction to the amplitude of the power spectrum, 
the second order corrections to both the scalar and tensor tilts and the scalar to tensor ratio 
r without taking the high friction limit. The cosmological consequences of the theory with 
non-minimally derivative coupling were also discussed extensively 29-^. 

In this paper, we discuss the inhationary models with the non-minimally derivative cou¬ 
pling The paper is organized as follows. In section II, we review the cosmological 

equations and the slow-roll approximation for this theory. The general formulae for the 
power spectrum and the second order corrections to the scalar and tensor spectral tilts are 
obtained in section III without taking the high friction limit. In section IV, we consider the 
power law potential, the hilltop potential, a simple symmetry breaking potential and the 
natural inhation by taking the high friction limit, and conclusions are drawn in section V. 


II. THE BACKGROUND EVOLUTION 

The action for the scalar held with the kinetic term non-minimally coupled to Einstein 
tensor is 




J MpiR - d^(t)dy(t) - 2V (0) 


( 1 ) 


where = (SttG) ^ and M is the coupling constant with the dimension of mass. For 
convenience, we use the Arnowitt-Deser-Misner (ADM) formalism 65j, and the metric is 
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expressed as 


ds'^ = —N'^dt^ + hij (dx* + N^dt) [dx^ + N^dt) , 


( 2 ) 


where N, N'‘, hij are the lapse function, the shift function and the metric for the three 
dimensional space, respectively. By using the ADM splitting of space-time, the action (fTj) 
becomes 


S =x / dtd^x < Mpi\/h 


+ {Ei,E^^ - E^) 


(N -\ -^^ H- 


2NV 

rT~ 

pi 


N 


(3) 


where 


~ 2 ( Vj Aj- 


VjAj I , 


(4) 


E = E^Eij, the extrinsic curvature Kij = Eij/N, 0 = dcj)/dt, the covariant derivative is 
with respect to the three dimensional spatial metric hij, and all the spatial indices are raised 
and lowered by the metric hij. Since the lapse and shift function N and Ni contain no 
time derivative, the variations with respect to them give the corresponding Hamiltonian 
and momentum constraints. 


{3)r 


2M^M^i 


{E,,K^ _ ^2) 1 


302 




02 2N‘^V ( 0 ) 


2N^M^Mli j Mil 


Mli 


N 2N^M^Mli 


iE] - m 


= 0 . 


= 0, (5) 


( 6 ) 


For the background with the homogeneous and isotropic flat Friedmann-Robertson- 
Walker (FRW) metric, A = 1, Aj = 0 and Rj = a^6ij, the Hamiltonian constraint ([5]) 
gives the Friedmann equation 

2 T 


A2 = - = 


3M^, 




(7) 


and the momentum constraint is satished automatically. The equation of motion of the 
scalar held 0 is 


A 

dt 


a^(j) ( 1 -|- 3 




= —a 


,d^ 

dcj) 


( 8 ) 


In the cosmological background, the non-minimally derivative coupling be¬ 

comes A20^/M2 which enhances the friction of the expansion. In the limit M —)■ cx), the 
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effect of the non-minimally derivative coupling is negligible, Eqs. ([7]) and ([8]) reduce to the 
standard cosmological equations. Combining Eqs. ([7]) and (jH]), we get the Raychaudhuri 
equation, 


H 
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2 M2 m2 


m2 


2M2- 


(9) 


If the scalar held slowly rolls down the potential, we have the slow-roll conditions. 


1 + 


9M2 


0" « ^(0), 


« I3M0I, 


( 10 ) 


2H 


< 1 . 


M2 + 3M2 

Under these slow-roll conditions, Eqs. o and (IH]) can be approximated as 

U(0) 


M2 


3M2 ’ 


3M0 M + 


3M2 




( 11 ) 

( 12 ) 


where = dV/dcf). To quantify those slow-roll conditions flTOl) . we introduce the following 
slow-roll parameters 


M2 ^ 2 


671 


pi 


14 


1 + 9M 


= 

Si? 


uy (1 + 3M)2’ 
1 + 3M V ’ 


Vv = 


(13) 


(1 + 3M)2 U2 ’ 

where F = H'^/M"^. The normalization of is chosen to recover the dehnition in Einstein’s 
general relativity (GR) in the limit M -C 1. By using Eqs. flTTl) and flT^ . we get 

02(1+ 9M) 1 


2U(0) 


and 


riH = 


M0 


Vv 


(14) 


(16) 


SO -C 1 and -C 1 guarantee the satisfaction of the slow-roll conditions. To the second 
order of slow-roll approximation, we get 


en = - 


H 1+ 3M 
Ip ~ 1 + 9M' 


4 + 39M + 117M2 ^ 2(1+ 6M)^ 

^ “ 3(1 + 9M)(1 + 3M)^’' ^ 3(1 TdM)^’^ 


(16) 
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In the GR limit, F <C 1, we recover the result eu = — 4e„/3 + 2riy/3). Using the 

equations of motion (E])-®, we get 


2 + 21F + 81F2 ^ ^ 4 + 72F + 603F^ + 2538^^ + 5103F^ 2 

(1 + 9F)2 3(1 + 3F)(1 + 9F)3 

^ 2(2 + 48F + 441F2 + 1944^3 + 3645F^ _ 1 ^ 2 ’ 

^ 3(1 + 3F)(1 + 9F)3 ~ 3^\ 


(17) 


Vv 


H 


/ 2(1 + 6 F) 

V 1 + 9F 




Sr? 


(18) 


If we further take the high friction limit S> i.e., F 3> 1, then the slow-roll 


parameters become 


^1) — 




C = 


Vv = 

M2 V 


^V — 

V) F2’ 
U 00 M2 


pi y 3 ^ 2 ’ 

_ I '^4^4 

3^2 J pi Y2 


(19) 

( 20 ) 
( 21 ) 


To be consistent with the results obtained in 


25[ |. we dehne e = e^/3, rj = rjy and 


in the high friction limit F 3> 1, and the different slow-roll parameters satisfy the following 
relations, 


dH 


13 4 

1-e -I—77 

3 3 ' 


Vh 


3e 


V- 


( 22 ) 


In the high friction limit, Eqs. fll7p and fll8p become 


e 2He 


f o 7 2 I ^ 2\ 

I 36-77-7e +y^^- 3 ^ ) 1 
7) ^ H{Aeri — ^^). 


(23) 

(24) 


Comparing with the slow-roll parameters in GR, the slow-roll parameters dehned in the 
non-minimally derivative coupling case have an extra factor M^/{3H^) which is small in the 
high friction limit, so more potentials can satisfy the slow-roll conditions and inflation can 
happen more easily in this theory. In the high friction limit, the number of e-folds before 
the end of inflation is 


/•0e 

N{(p*) = / -jd(p = 


3772 


1^^ yTe V M2 M,i 

So we get an upper bound for the held excursion. 


> 


3 M(0e) < 

2 M ’ M 


pi 


(25) 


Mpi V 3 M(0e) 


(26) 
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In the high friction limit, M H, the held excursion can be sub-Planckian if M/H{(j)e) < 
N~^. If e(0) increases with time, then we can derive a lower bound. 


M /2e(^.) 
Mp, H{4,.) V 3 


(27) 


So the Lyth bound in inhationary models with non-minimally derivative coupling becomes 


3 i/(0e 


A0 M 

> ^ > N- 


2e(0* 


(28) 


Mpi ' ~ V 3 

f e is not a monotonic function, then the Lyth bound in GR can be modihed to be smaller 




The non-minimally derivative coupling introduces the energy scale M, one may wonder 
whether it will lower the high ener gy c utoh scale. During inhation, the smallest strong 
coupling scale actually is ^J2/3Mpl 1 ^, so there is no problem for the application of the 
ehective held theory. Naively, around a Minkowski background, there is an energy scale 
Am = (M'^MpiY^^ which is below the inhationary energy scale. However, as pointed out in 
261], in a non-trivial background, the diagonalization of the scalar-graviton system for the 
canonically normalized helds sets the energy scale to be ■\/2/3 Mpi |l4j. l26|. 


III. COSMOLOGICAL PERTURBATIONS 

In this section, we derive the linear perturbation around the hat FRW background. For 
convenience, we choose the uniform held gauge, 

6(j) {x, t) = 0 , hij = ^(1 + 2C, + 2CY)5ij + 'jij + , (29) 

where ( and denote the scalar and tensor huctuations respectively, the tensor perturbation 
satishes diY^ = 0 and = 0. Both and 7 *^ are hrst order quantities and we have 

expanded C, and h^j to the second order. Since the scalar and tensor modes are decoupled, 
so we consider the scalar perturbation hrst. 


A. Scalar perturbations 

For the scalar perturbations, we expand the lapse and shift functions to the hrst order as 
N = 1 + Ni and iVj = diY + Nj, where d^’Nf = 0. Substituting the expansion for N and 
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Ni into Eqs. ([5]) and ([6]), we get the solutions |25l. l26| 

C_ g, g(l-3T/2) 

H' l-T/2 ’ 

^ + X, = 0, 


M2M2’ 


(30) 


= 


c 

H2 I _ x/2’ 


s = 


2M2 


1 + 


3i/2(i + 3T/2) 
M2(l - T/2) 


By using the above solution fl30|l and the background Eqs. 0 - 0 . we expand the action 
(E]) to the second order of C, and get [26 1 


^^2 = j dtd^xMlia^ ~ ’ 


where 


9..= 


1 d 
a dt 


H 


T 


- 1 - 


T 


(31) 


(32) 


By using the canonically normalized held v = z^, where 


z = aM, 


pi' 


H ’ 


(33) 


the action fl3TD becomes 


Sc_2 = / d^xdr- 


v'^ - ci{divY + 


(34) 


where the conformal time r is related to the coordinate time by dt = adr, the prime denotes 
the derivative with respect to r, and the effective sound speed is = H^9s/J2. 

In terms of the slow-roll parameters, we hnd 


T 


2F 


1 + 9F 


_ 4(1 + 6F) 2 

3(1 + 9F)^^^ 3^^" 


2F 

H \1 -e, 

1 + 9F 


1 + 3F . . 


- + 

1 + 9F 


4(1 + 9F + 9F2) 2 

~ 3(1 + 3F)(1 + 9F)^’^^ 

4 + 30F + 42^2 2 

~ 3(1 + 9F)(1 + 3F)^’'^ 


c. = l 


2F(1 + 7F) 

(1 + 3F)(1 + 9F) 


67 ?. 


(35) 

(36) 

(37) 

(38) 

(39) 
































In the GR limit, we recover the result = 1. In the high friction limit, we get 

^2/8 2 \ 

^'“rh-r+3'')' 


_8e/3 +277/3)(l + e) 
1 - e/3 


-ff^e ( 1 — -e + -?7 


14 2 

~ e ( 1 ^ + 3^ h 


2 _ 

S 


9 


(40) 

(41) 

(42) 

(43) 

(44) 


26| because they missed the second 


Note that this result about is different from that in 
order corrections due to 9s in Eq. (145]) and T in (140]) . Following the standard canonical 
quantization procedure, we define the operator 

.. C d^k 


V{T,X = 


(2ir) 


J4(T)ate’'‘‘“’ + vl{T)a\e 


t ^-ik-x 


where the operators satisfy the standard commutation relations 


hfc, 


= {27ryS%k-k'), 


[ttk, ttk'l — 




= 0 , 


and the mode functions obey the normalization condition 


(45) 


(46) 


v'kVl - Vkvl' = -i. 


(47) 


The Bunch-Davis vacuum is dehned by afc|0) = 0. Varying the action (154]) . we obtain the 
Mukhanov-Sasaki equation for the mode function Ufc ('?"), 


Vk' + [c^k - — ) Ufc = 0. 


(48) 


Inside the horizon in the past, as aH/k —?• 0, the asymptotic solution that satishes the 
normalization condition (147]) is 

(49) 


Vk -t 


—icskr 


y/2Csk 


In order to solve the Mukhanov-Sasaki equation, we need to hnd the time derivative z" jz. 
From the dehnition (]55]) . we hnd 


z" , , / 2 - 3F 


(50) 
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Since 


(^,1 - 

and H and en change very slowly during inflation, so we obtain 

1 


aH 


(1 - eH)r' 


Substituting this result into Eq. flSU]) . we get 


2 + 




9(1+ 4F) 
1 + 9F 


ev -^Vv] = 


1/2 - 1/4 


where 


Combining Eqs. 


3 3(1+ 4F) 

u Ri —I-e,, — ri^,. 

2 1 + 9F 

and fl48|) . Anally we obtain the equation, 

1/2 - 1/4' 


vk" + (cie - 


Vk = 0 , 


Treating i/ as a constant, the solution is 


(51) 

(52) 

(53) 

(54) 

(55) 


ft (f) = \/? {-c,kT) + (-c,kT)] , (56) 


where and are the first and second Hankel function, respectively. From the 

asymptotic condition fl49|l . we obtain C 2 = 0. Outside the horizon, the Hankel function has 
the asymptotic form. 


(a: < 1) ~ 



r (^) 

r(3/2) ’ 


and the mode function 




r (3/2) \/2csk 


-Cskr) 


1 / 2 - 1 / 


CX 2 ). 


Thus the scalar perturbation outside the horizon is almost a constant, 

10 I = y-i r(</) Hil-enr-''^ 

r( 3 / 2 ) {au) 

The power spectrum of ( is defined by the two-point correlation function 

(c(f.bc(f4')) = P((k), 


(57) 


(58) 


(59) 


(60) 
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so we get the power spectrum 


Pr = 


U3 

lai^ 


■)2u—3 


27r^ 

1 + 9F 
1 + 3F 


r(z/) VH^l-en) 


r(3/2) 


2u-l 




pi 


Csk 

aH 


3-2u 


-2{1 + 9C) + 3{1-24C)F 2(1 + 9F)(1 - 3^) 


3(1+ 3F) 


3(1 + 3F) 


-Vv 




STT^M^^e^ 


Csk=aH 

(61) 


where the constant C = —2 + 7 + In 2 —0.73. In the limit F = 0, we recover the standard 

GR result. In the high friction limit F 3> 1, the scalar power spectrum becomes 


P 




1 + 


- 8 G e - - - 2 G 7 


2M2e 


hV (c±^ 


27r j 


aH 


(62) 


tilt, we need 

63 , 1681 . 


Note that in order to derive the second order correction to the scalar spectra, 
to provide the hrst order correction to the amplitude of the power spectrum 

To the hrst order of approximation, using the relation dink = (1 — eH)Hdt, the scalar 
spectral tilt is [27| 

fill -4- A FI 

(63) 


n, - 1 = 3 - 2z/ = 277 ^ - 


1 + 9F 

In the GR limit, the standard result — 1 = 2//^ — 6 e.„ is recovered. In the high friction 
limit, we get — 1 = 2^ — 8 e. Therefore, for the same Ug, the slow-roll parameter e can 
be smaller and the tensor-to-scalar ratio can be smaller in the high friction limit. To the 
second order, we get 


Us - I = 


dlnP, 


dink 


Csk=aH 


6(1 + 4F) 
1 + 9F 


€v + 2r]y + —7^ + ( o “ ^ 


2[-l + 8 G + (-17 + 60G)F + 12(-4 + 9C)F^] ^ 

^ (1 + 3F)(1 + 9F) 

2[5 + 36G + 12(1 + 33G)F + 18(-11 + 84G)F2 + 27(-25 + 72C)F^] 

3(1 + 3F)(1 + 9F)2 ' 


(64) 


In the high friction limit, the scalar spectral tilt is 
rig-l^ -8e + 2r]+ - 48G^ + ^240 “ y ^ ^ ~ 

and the running of the scalar spectral index is 

= -486^ + 24er] - 2 ^^. ( 66 ) 

Csk=aH 


, _ dUg 

~ dink 
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B. Gravitational wave 


Now we consider the tensor pertnrbation. Expanding the action to the second order of 
the tensor pertnrbation 7 ^-, we obtain the qnadratic action [26 1 


S = [ d^xdt—^a^ 


r\ .2 1 




T 


With the symmetric traceless tensor e*- which satishes the following relation 


5^4 = 0, = 25,,., 




the tensor pertnrbation can be written as 




47'- 


s=+,x 


By nsing the canonical variable = ZtY, where 


Zt = —aMpJl- 


the qnadratic action fl67|l becomes 




d-^xdr- 


S — + , X 


(u^'f - 

Zt 


where 


2F 

c* — ^~ 1 + ^ 


__2 _ 1 + T/2 

^ 1 - T/2 


3- S3 a^H'‘(2 - €,) S3 -t 


l + 9f 
■ 3(1^ 

1 + 9F 


(67) 


( 68 ) 


(69) 


(70) 


(71) 


(72) 

(73) 


2( 

Dne to the non-minimally derivative conpling, the speed of gravitational wave q is a little 
larger than the speed of light. In the GR limit, q = 1. Using the canonical qnantization, 

dz’k 


= 


{2'Kf 


Ui 


/(T)o,e“'* + <(r)a*e-“-* 


we obtain the eqnation for the mode fnnction m|, 

4 -1/4 


ul" + c k^ - 


4 = 0, 


where 


/i 


1 + 3F 
1 + 9f' 


(74) 


(75) 


(76) 
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The solution is 


u 


^ r (3/2) 


(77) 


The power spectrum of gravitational wave is 


/r3 1.3 

Pr = 2^i7,f = ^ E 

s=+,x 
2 


27r2' 


Ut 


Zt 


22m- 


3 ( TM y /gy 


Vr(3/2); c,Mj^,(l + T/2) V2ir; V^-ff 


3-2/2 


(78) 



/ 2(l + G) + 2(4 + 3G)F 

8 /hV 


[ 1 + 9F ""J 

M^, \27,) 


ctk=aH 


In the limit F = 0, we recover the standard GR result. In the high friction limit, the power 
spectrum of gravitational wave is 


Ft 


Ki 




\27i J \ aH 


3-2/i 


(79) 


Combining Eqs. flMD and fITSD . we get the tensor to scalar ratio 
r 16e, 


1 + 3F (1 + 3F)[4(1-3G) + 27(1-2G)F]^ , 2(1 + 3F)(1 - 3G)^ 

T 777:; ^ Vv 


(80) 


1 + 9F 3(1 + 9F)= 3(1+9F) 

Note that there is an ambiguity in the above definition due to the difference between the 
effective sound speeds and the horizon exits for the tensor and scalar modes. Because Q > c^, 
for the same mode k, the tensor mode exits the horizon later, so we should take Ctk = aH. 
In the limit F = 0, we recover the standard GR result. In the high friction limit F S> 1, we 
get 


= 

Fc 


16e 


l-(3-6G)e+(--2G)r/ 


—SriT- 


To the hrst order of approximation, the tensor spectral tilt is 

2(1+ 3F) 

Ut = -^ 


(81) 


(82) 


1 + 9F 

In both the GR and the high friction limits, we get ut ~ —2e to the hrst order of approxi¬ 
mation. To the second order of approximation, the tensor spectral index is 

dlnF-r 

(83) 


Ut = 


d\nk 


ctk=aH 

2(1+ 3F)^ 

1 + 9F 


ll + 12G + 6(7 + 9G)F 2(2+ 3G) 
+ 3(1+ 9F) 3 
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FIG. 1. The theoretical results for the quartic potential V{4>) = 
68% and 95% CL regions for and ro.oo 2 from Planck 2015 [6|. 
effect of F. 


A(/)^ and the marginalized joint 
The solid black lines show the 


In the high friction limit, the tensor spectral tilt is 

riT ~ -2e - + 12G^ 

and the running of the tensor spectral index is 

^+ Aer]. (85) 

ctk=aH 


dni 


Urp = 


dhik 


IV. INFLATIONARY MODELS 

Now let us apply the general results obtained in the previous section to the power law 
potential, the double well potential, the hilltop inflation and the natural inflation. 

We use the quartic potential as an example to consider the effect of F hrst. The 
results are shown in Fig. [T] As F increases, the tensor to scalar ratio r becomes smaller. 
From Fig. [H we see that inflation with the quartic potential in the GR limit F 1 is 
inconsistent with the Planck 2015 results, while the model is consistent with the observation 
at the 2cr level in the high friction limit F S> 1. In the following discussion, we consider 
inflationary models in the high friction limit only. 
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A. Power Law Potential 


For the power-law potential 


the slow-roll parameters are 


P (0) = 


M^M- 

e(0) = 


M 


pi 


( 86 ) 


h(0) = 


2A ’ 

n{n — 1) M'^Mpi 
A 0^+2 ’ 


(87) 


, 2 ,^, _ n^n - l)(n - 2) 


r(0) = 


A2 02n+4 • 

These formulae are also valid for the inverse power law potential. For the inverse power law 
case with n = —2, all the above slow-roll parameters are constants. However, inflation does 
not end for the intermediate inflation with inverse power law potential 69|, l70|. 

For 0 < n < 2, inflation ends when e(0e) = 1, so 

^2\ l/(n+2) 


n 


n 


The number of e-folds before the end of inflation is 

A, =_Mh_ 

• n{n + 2)APM^i 2(n + 2)' 
For n >2, inflation ends when ri{(j)e) = 1, so 

'riiv — 1 i A ^d"-+2) 

(m2m;;)V(-+2), 
and the number of e-folds before the end of inflation is 

AT n — 1 

_/Y =_ — __ 

n{n + 2)M‘^Mpi n + 2 

So the value of scalar held at the horizon exit is 

l/(n+2) 


(89) 


(90) 


(91) 


n{n -|- 2)N \ 


A 




(92) 


where N = N^ + n/2{n + 2) for 0 < n < 2 and N = A*-|-(n —l)/(n-|-2) for n > 2. In order to 
avoid quantum gravity, we require that -C M^i, this can be guaranteed if 0 -C Mpi during 
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inflation. The sub-Planckian field excursion is possible for the slow-roll inflation with the 
power-law potential because of the high friction condition and the high friction 

limit is satished if 0e ^ ^pi- For fhe Higgs inflation with n = 4, the coupling constant 


A ~ 0.13 at the energy scale around 100 GeV TlJ, if we ignore the running of the coupling 
constant, and take = 60 and M = 1.27 x 10“^Mp;, then we hnd that 0e = O.OlMp;, 
H{(j)e) = 5.1 X 10“^Mpi, 0* = 0.024Mpi and the held excursion A0 = O.OldMp^ which is 
sub-Planckian. If A is larger, then the held excursion will be even smaller. 

In terms of iV*, we get the value of the slow-roll parameters at the horizon exit 0*, 


n 


1 


n — 1 1 


e = 


V = 




(n-l)(n-2) 1 


(93) 


n + 22N' ' n + 2N' " {n + 2)'^ 

The values of the slow-roll parameters at the horizon exit do not depend on the model 
parameters A and M explicitly, and the results are a factor of (n -|- 2)/2 smaller than the 
standard results in GR. Because the second order slow-roll parameter is much smaller than 
the hrst order parameters, we consider the hrst order correction only. The scalar spectral 
tilt is 

2(n + l) , , 

n, - 1 =-^- L. 94 

{n + 2)N ^ ^ 

The running of the scalar spectral index is 

2 (n + 1) 


n, = 


(95) 


(n + 2) m 

The tensor spectral tilt is ut = —2e = —n/{n + 2)N. The running of the tensor spectral 
index is 

n , , 

(96) 


Urr = 


The tensor to scalar ratio is 


{n + 2)N^ 
8n 


r = 


(97) 

n + 2)N 

The Ug — r and —results for n = 2 and n = 4, along with the Planck 2015 constraints 
6] are shown in Figs. |2]and[3l For comparison, we also plot the GR results j^. 


B. Hilltop models 


For the hilltop models with the potential 


73| 




( 98 ) 
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Natural inflation 

- Double well 

- Hilltop quadratic 

Hilltop quartic 

. N=50 
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tls 


FIG. 2. The theoretical results for some inflationary models and the marginalized joint 68% and 
95% CL regions for and ro,oo 2 from Planck 2015 6|. The solid lines are for the inflationary models 
with non-minimally derivative coupling and the dashed lines are for the inflationary models in GR. 

the slow-roll parameters are 


-2 


e(0) = 

v{(p) = 

m = 


2AV2 

AV [1 - (0/r)p]' V 


2(p-i)i-(0//,)p 
(0//i)P 


e(0), 


(99) 


AV" [1 - (0/r)1 

The high friction condition reqnires that 


M^M^i < Ah 


The end of inflation is determined by 


max{e((>5), \tl(ipc)\} = 1. 


( 100 ) 


( 101 ) 


For p > 3, e(0) is smaller than p(0) by a factor (0/So the end of inflation is determined 
by \v{4>e)\ = 1- If 0e < R or > A^^, we get 




p-2 


A^ 




A 


< A^ < 


pi 


pU 


( 102 ) 

(103) 
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• N=60 


tls 


FIG. 3. The theoretical results for the power law potentials with n = 2 and n = 4 and the 
marginalized joint 68% and 95% CL regions for Ug and from Planck 2015 6|. The solid lines 
are for the non-minimally derivative coupling and the dashed lines are for GR. 

For the case p = 2, ?7(0) is almost a constant when 0 <C /r. Contrary to the cases with p > 3, 
inflation happens when -C and inflation ends when 0e ~ p. 

Becanse of the high friction condition, the second order slow-roll parameter is smaller 
than the first order parameters e and p by a small factor so we neglect the second 

order contribntion. The scalar spectral index is 

2pM^M^ixP-^ [(p - 1) + (p + l)a:P] 


rio — 1 = 


AV" [1 - 

where x* = (;/)*/p. The tensor to scalar ratio is 


(104) 


r = 


A4p2 (1 - X^f ■ 

The nnmber of e-folds before the end of inflation is = f{(j)e/p) — where 


(105) 


fix) = 


AV 


X 


-p 


+ 


X‘‘ 


\2 — p p + 2 


l]x\ 


(106) 


for p 7 ^ 2. If 0 <C p, we get 


AV 


p(p-2)M2M4 


, p—2 

p, \ P — 1 


P-2’ 


( 107 ) 
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Therefore, the scalar spectral index can be written as 


rig — 1 ^ 


_2(P - 1)_ 

(p-2)[iV* + (p-l)/(p-2)]’ 


and the scalar to tensor ratio is 


(108) 




(p- 2)[iV* + (p- l)/(p- 2)] 


< 1 . 


(109) 


If we take p = 4, A = p = O.OlMp; and M = O.OOlp, then we get 
Us = 0.9512, < = -0.0008 and r = 1.07 x 10-^° for = 60. 
For p = 2, the function f{x) is 


fi.x) 


AV' 


tZ'^ 

Inx H- 

4 


X 


0.029p, 


0.0045p, 


( 110 ) 


and 0* can be obtained from and 0e by using the above function flllOp . For example, 
if we take A = 10“^Mp;, p = O.lMp^ and M = 10“®Mp/, we get 0e = 0.868p by setting 
e(0e) = 1- For = 60, we hnd that 0* = 0.145p by using the function flllOp . so = 
0.723p = 0.0723Mpz, n, = 0.955, < = -0.0002 and r = 0.007. 

The Hg — r results for p = 2 and p = 4 are shown in Fig. |2l In plotting the results 
for p = 4, we don’t use the approximate relation fll08p and fllOOp . 0e and 0* are solved 
numerically instead. 


C. A simple symmetry breaking potential 


For the symmetry breaking potential 

V = 




( 111 ) 


the slow-roll parameters are 


e(0) 

p(0) 


8M2m4(0/p)2 
AV(l-0Vp2)^’ 
4M^M^^,(1-30Vp^) 
A^p2(l — (f? / iJ?Y 
96M^Mp®((/./p)2 

“av^(i 


2 


3 ((<!>), 


( 112 ) 


The potential is also called the double well potential. In the region 0 S> p, the above double 
well potential becomes the power law potential with n = 4. In the region 0 p, the above 
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potential becomes the hilltop potential with p = 2. Here we consider the intermediate region 
0 ~ /i, this requires 

< AV- 

In this region, \p{4>) \ > e(0)- Inflation ends when 

(1 - 


3x1 ~ 1 ’ 

where = 0e/h- Note that the high friction condition requires that 


A 




The number of e-folds before the end of inflation is 

= f{Xe) - f{x^), 


fix) = 


IX 


2 3^,4 3^2 


V 6 4^2 


where x* = 0*//i. The scalar spectral tilt is 




The tensor to scalar ratio is 


1 = 


r = 


8M^M^i{l + xl) 

■ av(i-^D' ' 


USM^M^ixl 


(113) 


(114) 


(115) 


(116) 


(117) 


(118) 


AV(1 - 

For a given we can determine 0* from Eqs. (I114p and (I116|l . If we take A = 10“^Mp/, 

fi = O.bMpi and M = 10~^Mpi, we get Xg = 0.886 from Eq. (Illdh . For = 60, Eq. (IllOh 
gives X* = 0.573, so A0 = (xg — x*)/i = 0.186Mp;, Ug = 0.975, = —0.0004 and r = 0.046. 

The rig — r results in the intermediate region (f) p are shown in Fig. |2l 


D. Natural inflation 


For the natural inflation with the potential [T 


the slow-roll parameters are 


1 cos I y 


H(0) = A^ 


e = 


V = 


e = 


2pK* [1+ cos(0 //)]^’ 

M2M^Vos(0//) 


pA^ [1 + cos(0 //)] 
M^M^^,sin^(0//) 
/^As [cos(0//) + 1]^ 


2 ’ 


(119) 


( 120 ) 
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The high friction condition requires that 


A* |1 + cosWf)] » 


( 121 ) 


So the second order slow-roll correction can be neglected. The scalar spectral index is 

[cos(0*//) - 2] sec'^(0*/2/) 


^ 2/2A4 

the horizon exit is determined by the number of e-folds before the end of inflation, 


N* = fiXe) - /(X*), 


where 


fix) = (cosx + 41n 

ivi ^yJ-pi 


sm 


X 

2J\ 


X = (p/f, and the end of inflation is determined by 


sm Xe 


2pA^ 

(l + COSXe)3 “ WMf 


( 122 ) 


(123) 


(124) 


(125) 


pi 


(126) 


If pMpi) S> 1, then Xg ~ vr and we get 27| 

Since inflation happens around 0// ~ tt, the potential behaves like the quadratic potential. 
By solving Eqs. fll23p and fll24p . we obtain 


(tt — xp 


P^^ 


N, + - 
4 


(127) 


As we discussed above, the result is the same as the power law potential with n = 2 
Substituting the above result fll27p into Eq. (11221) . we get 27] 

6 


‘ “ -4iv:Ti' 

16 , , 

r ^ —---. (129) 

4A^* +1 ^ ^ 

Note that the high friction condition fll2ip requires that A^ 3> fM. If we take A = O.OlMp), 

/ = O.lMpi and M = 10~^Mpi, then we hnd that (pe = 0.27Mpi, cp^ = 0.14Mp), Ug = 0.974, 

n'g = —0.0004 and r = 0.05 for = 60. 

If pA'^ -C M‘^Mp then either e{cp) or 7/(0) is big for 0 < 0// < vr, so slow-roll inflation 
can not happen for this choice of model parameters. The Ug — r results along with the GR 


results 


72 


76(1 are shown in Fig. [2l In plotting the results, we don’t use the approximate 


relation (11281) and (11291) . (pe and are solved numerically. 
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V. CONCLUSIONS 


By introducing the slow-roll parameters defined in Eq. flT^ . we obtain the general expres¬ 
sions for the scalar and tensor spectral tilts to the second order for the inflationary models 
with non-minimally derivative coupling. The results can recover the well known GR results 
in the limit Furthermore, we extend the results of the scalar and tensor spectral 

tilts to the second order in slow-roll parameters in the high friction limit > MT The 
non-minimal coupling of the kinetic term to Einstein tensor leads to enhanced friction for 
the scalar field so that inflation happens more easily. The Lyth bound is modified with an 
extra suppression factor M/H so that the field excursion of the infiaton is sub-Planckian. 

For the power law potential R(0) ~ 0", due to the non-minimally derivative coupling, 
the field excursion of the infiaton is sub-Planckian. The tensor to scalar ratio r is a factor 
of {n + 2)/2 smaller than the result in GR which brings the quartic and quadratic potentials 
to be consistent with the observation at the 95% CL. 

For the hilltop potential, the scale /i can be smaller than the Planck energy. For the case 
p = 2, inflation ends when cf) p. For p > 2, small field inflation is realized, the tensor to 
scalar ratio r is negligibly small, and an approximate relation between Ug and iV* is derived 
in Eq. (11081) . 

For the double well potential, the potential behaves like power law potential with n = 4 
in the regime (f) ^ p and the hilltop potential with p = 2 in the regime (f) p. In the 
intermediate regime 0 ~ /i, we obtain A0 = 0.186Mp/, Ug = 0.975 and r = 0.046. 

For natural inflation, inflation happens around the potential minimum 0// ~ tt, and 
the behaviour is similar to the quadratic potential R(0) ~ 0^. Due to the suppression of 
the non-minimally kinetic coupling, the symmetry breaking scale / can be smaller than the 
Planck energy. 

In conclusion, the non-minimally kinetic coupling to Einstein tensor brings the energy 
scale appeared in the hilltop inflation, double well potential and natural inflation down to 
sub-Planckian scale, and the field excursion of the infiaton becomes sub-Planckian. The 
model is more consistent with the observations in the high friction limit. 
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